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Abstract 

Oh! 

i-C ' We study the matter part of the algebra of open string fields using the 3-string vertex over 

the sliver state, which we call "comma vertex". By generalizing this comma vertex to the 
rS ' A^-string overlap, we obtain a closed form of the Neumann coefficients in the A^-string vertex 

5^ I and discuss its relation to the oscillator representation of wedge states. 
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1 Introduction 

Recently, the cubic open string field theory |I[ around the tachyon vacuum, or the "vacuum 
string field theory" [^ |^ was proposed. This theory contains no physical open string exci- 
tation and is conjectured to describe the appearance of closed strings after the open string 
tachyon condensation. The matter part of the solution of the classical equation of motion 
around this vacuum is given by projection elements in the star algebra of open string fields 

i- 

As an example of projection, there is a state called sliver p, which is special in a sense 
that this state can be defined in an arbitrary boundary CFT. In the case of fiat background 
a projection was also constructed in the oscillator formalism [^] and was identified with 
the sliver with numerical evidence [Q. To construct projections more systematically, it is 
important to find a matrix representation of open string field J^, H, y] (see ||T0|, [Tl|, |12|, |T^ 



for related issues). The essential ingredient behind this matrix representation is the so-called 



"comma" form of the overlap vertex |14, 15, 16 1. Interestingly, if we perform a Bogoliubov 



transformation to make the sliver state to be a new Fock vacuum, the 3-string vertex takes a 
comma form |^. In this respect the sliver is a key to the structure of the string field algebra. 
In this paper, we study the properties of the overlap vertices constructed over the sliver state, 
and discuss some apphcations. 

This paper is organized as follows: In section 2, we consider the 3-string vertex over the 
sliver state. In section 3, we analyze the structure of string field algebra using this vertex. In 
section 4, we construct the oscillator representation of wedge states and find a closed form 
of the Neumann coefficient of A^-string vertex. Section 5 is devoted to the discussions. 

2 Comma Vertex 

In this section, we review the 3-string vertex constructed over the sliver state [Bl. In the 



following, we will call this vertex the "comma vertex" [111, IT^, ITH| . 



2.1 3-string Neumann coefficient 

The matter part of the 3-string vertex in zero-momentum sector is given by |l^, |18|, |19 



r\ / J m* "imn n 

r,s = l,2,3 



|V-3)=Arf exp 

\ m,n>l / 



|0)l23. (2.1) 



Mvz is a normalization constant. In this paper we concentrate on zero-momentum sector but 
algebraic relations we will obtain are the same if we consider whole sector |^, ^, ^. The 
identity string field |/) and the refiector (i?(l,2)| is given by (up to normalization) 

|/) = e-^'^'^'^'lO), (i?(l,2)| = l2(0|e-'^^^''^ (2.2) 



where Cnm = (— l)"'^nm- We define star product of string fields as 

\A^B), = MAMriBW3)i23, (2.3) 

where 

MA)\ = {Ril,2)\A),. (2.4) 



As prehminaries, we list some useful formulas satisfied by the Neumann coefficients V^ 
in the 3-string vertex. We introduce the matrices X, Y, Z by 



rs 
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X = CVi\ Y = CVl\ Z = CVi^. (2.5) 

It can be shown that these matrices commute with each other and satisfy the following 
relations: 

X + Y + Z = l, (2.6) 

X2 + y2 + Z2 = l, YZ = X'^-X, (2.7) 

Y^ + Z^ = 2X^ - 3X2 ^ ^^ ^2.8) 

CXC = X, CYC = Z. (2.9) 

Using these matrices, one can construct the orthogonal projections L and R [] 

Yil-TX)+TZ' Z{l-TX)+TY^ 

(l + r)(l-X) ' (1 + T)(1-X) ' ^ ' 

which satisfy 

L + R = l, L^ = L, R^ = R, LR = 0, L = CRC. (2.11) 

Here T is defined by 

2^ = ^ (l + ^ - V(1-^)(1 + 3X)) , (2.12) 

and satisfies 

XT^ -{1+X)T + X = 0. (2.13) 

This matrix T appears in the sliver state |^, Q 

|S)=Ae'^xp(-iatCrat)|0), (2.14) 

which satisfies |S) -k |S) = |S). The matrices Y and Z are decomposed into L and i? as 

Y = L{l-TX) + RX{T-l) = {l~TX){L-TR), (2.15) 

Z = LX{T-l) + R{l-TX) = {l-TX){R-TL). (2.16) 



^In M, L and i? were denoted pi and p2 7 respectively. 



2.2 Vertex over the Sliver 

We introduce new oscillators s which annihilate the sliver by performing a Bogoliubov trans- 
formation from the original oscillators a 



^ ' +CTa^), s^ = , '^ (gt + CTa), 



123; 



s\E) = 0. 
The 3-string vertex in this new basis (up to normalization) turns out to be [ 

\V,) = exp (-Y.4CLsU,] |S)i23 = exp M E 4VT'4j |2) 

where VJ" is given by 

f L R' 

C% = {1 - CVsT)-\CV3 - T) = R L 

\L R 

The identity string field and the reflector in this new basis are found to be 

|/) = e-H^^'|S), (i?(l,2)| = i2(H|e-^^^^ 
Using the projections L and R, we can define the splitting of s into two parts 

a 

where Cq, and fa are the orthonormal basis of the eigenspace of L and R: 

^a ' ^13 = fa ■ fl3 = Sa(3, ^a ' ff3 = 0, fa = —C^a, 
L/G-a Co; JXCa U, J-'Ja U, J^Ja J a) 

L = Y.eael R = Y^fafl 

a a 

Since sl and sr commute, 

[SLa, Si/jI = [SRa, S^p] = Oa/S, [SLa, S^^J = 0, 

the Hilbert space factorizes into the Fock spaces of sl and sr 

Astr = 'Hl ® Ti-R- 
In terms of Sl^r, the 3-string vertex takes a simple form ("comma" form) 

iVs) = exp [s{rsIl + sIrsIl + 4/?^^) |S)l23, 
where 

a 

The identity string field and the reflector become 

|/) = e'«'^|H), (i?(l,2)| = i2(H|e'i«"2^+"2«'^^ 



2.17) 
2.18) 

2.19) 



2.20) 

2.21) 
2.22) 

2.23) 
2.24) 
2.25) 

2.26) 

2.27) 

2.28) 
2.29) 

2.30) 



2.3 On the Structure of the Vertex over the Shver 



The vanishing of the diagonal components of V3 in ( ^.201 ) is simply explained from the identity 
|H) ic |H) = |S) written in terms of the s-oscillators [^. The identities LR = and RL = 0, 
which seem somewhat accidental from the complicated expression ( p.lO[ ), also simply follow 
from |S) * |/) = |S) and |/) * |S) = |S) in the s-oscillator basis: 

(|S)^|/)), = s{E\,{I\\Vs)u3 



(2|2(S|exp (--S2CS2) exp -- ^ 4vrsl \E) 



123 



2(S|exp [--S2CS2 



exp (—slV 



r,s=l 



tT7l2„tA I- 



'12 



exp 



,tT7l2/ 



>21^t 



--slV^^CV^'sl]\E)„ 



(2.31) 



where use has been made for the formula 

(0| exp ( Xitti - -Pijaiaj ) exp ( fiia} - -Qijaja] ) |0) 



deti^-^/2 exp (^iK-^X - ]-\QK-^\ - ^fiR-^Pfi 



K=1-PQ. (2.32) 
0, which is equivalent to LR = 0. 



From eg. ( p. 3 ID we observe |H)7kr|/) = |H) implies V^'^CV'^^ 
Similarly, RL = can be understood from |/) * |S) = |S). 

We briefly comment on other identities in (|2.11| ). V3 can be diagonalized in the r, s indices 
by a matrix O satisfying O'^ = O^: 



V. 



with 



V, 



D 



c 





0\ 




1 


/I 


1 


1 


n 


A 


n 


= 


(0 


UJ 


1 








a; 




V3 


\UJ 


UJ 


1 



(2.33) 



(2.34) 



Here u = exp(27ri/3). V^^ = C follows because this component represents identity string 
field type overlap condition (see ( p.2|) and ( |2.21| )). From ( |2.33|) and ( p.34|) , we obtain 



c 


= vr+n\ 






A 


= uoV^^ + ooVi\ 






A 


= ujVi^+ojV^\ 




(2.35) 


L 


-f i? = 1. Notice that L^ = 


= L and R^ -- 


= R follow from 



and C = V^"^ + V^^ is equivalent to L + i? 
L + R = 1 and LR = RL = 0. 

Finally the equation L = CRC follows from the property of the original vertex CV^"^ = 
V'^^C, since C and T which appear in the Bogoliubov transformation ( 2.17 ) commute with 
C. CV^"^ = V^^C describes a property of the vertex under the string worldsheet orientation 
reversal. 



5 



3 String Field Algebra 

In this section, we discuss the structure of the string field algebra Astr- The results in this 
section were essentially obtained in using a different representation of the vertex. 

Strictly speaking, Astr in this section should be understood as the zero-momentum sub- 
algebra of string field algebra, since the sliver state does not carry momentum. However, 
the most of the following discussions can be applied to the whole algebra by replacing the 
sliver state by the D-instanton state, since the Neumann coefficients including the zero-modes 
satisfy the same relations as those without zero-modes P, ^, |^ . 

3.1 String Field Oscillators 

First, we construct the string field oscillators Aa, A]^ P which satisfy the canonical commu- 
tation relations 

[A^,All = 6^f,\I). (3.1) 

To find the explicit expression of the string field oscillators, it is convenient to introduce the 
coherent states 

\zl,zr) = exp{zLs[ + ZRS^ji)\E), (3.2) 

I{zl,zr) = exp{zLs{ + ZRS^'ji)]!). (3.3) 

The multiplication rules of these coherent states are found to be 

\zL,ZR)-k\wL,WR) = e^«"'-^|zL,Wij), (3.4) 

I{zL,ZR)-k\wL,WR) = e'''^'"^\zL+WL,WR), (3.5) 

\zL,ZR)-kI{wL,WR) = e^'''"''\zL,ZR + WR), (3.6) 

I{zl,zr)^I{wl,wr) = e'^'"^I{zL + WL,ZR + WR). (3.7) 

Using (|3.7| ), we can check that the string fields 

A, = 4J/), Al = sijl), (3.8) 



satisfy the relation (3J.). Since the sliver state is annihilated by the string field oscillators 

A^^\E) = \E)^Ai = 0, (3.9) 

the sliver can be identified with a projection onto the Fock vacuum |0)) of the string field 
oscillators: 

|S) = |0))((0|. (3.10) 

This identification is justified by the fact that the sliver is naturally factorized into the vacuum 
of Sl and Sr: 

\E) = \El) ® \Er) (3.11) 
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where 

SLa\^L)=0, Sk„|Hr) = 0. (3.12) 

3.2 Matrix Representation of String Fields 

In this subsection we construct a mapping between open string fields and matrices. Since 
the identity string field has the form \I) = e**i*fl|H), the string field oscillators (|3.8|) can be 



rewritten as 

Aa = SLa\I) = S^rJI), (3.13) 

Ai = sUl) = Snail). (3.14) 
Using (|3.7| ) recursively, we can show the following relations: 

Aaj^ -k ■ ■ ■ -k Aa^^ = SLai' ■ ■ SLak\I) = Sjia^- ■ ■ Sn^JI), (3.15) 

<*---*^L = Aa,---sLjI) = SRa,---SRa,\I), (3.16) 

[A^,All = [sLa,si^]\I) = [sRa,S^Rp]\I). (3.17) 

Therefore, the identity string field defines a morphism between worldsheet oscillators sl,r 

and the string field oscillators. This induces the following isomorphism between the Fock 
spaces: 

rtL = rtstr, riR = rLgtr^ (^o.ioj 
where Tigtr is the Fock space of string field oscillators. Finally we have the identification 
between open string fields and the matrices acting on Tistr'- 

Astr = nL®'HR = Hstr ® Kt, = End(Kt.). (3.19) 



We can construct this mapping in a more explicit way. Using the morphism ( 3.16|) , the 
star exponential of string field oscillators turns out to be 



From (^.51), ( |3.6D and ( |3.20| ), we can see that the coherent states of sl,r and A^ are related 
as 



..t , ^, ,_, ,„„t,^, ■"AUn\\//n\^ZRA 



\zl,zr) = e^^^'^ll) ^ |H) *e^«^H/) = e^"^ |0))((0|e^-^ = \zl)){{zr\. (3.21) 

Note that this relation is consistent with the trace 

Ti(\zL, zr)) = {I\ZL, zr) = e^^^«. (3.22) 

By expanding ( p.21| ) in terms of zl^r, we find that the occupation number state of sl,r 
corresponds to the matrix element between the number states of string field oscillators: 

Jn^ J"^P 4 trie 4'"/3 

K-)=n^M=i-)=n4Nio))((oin4^ = i-))(H- (3.23) 



a,l3 JnJ.mpl a Vna^- 13 Jm^ 



We can see that the number states behave exactly as matrix elements: 

\n)){{m\^\k)){{l\ = 6m,k\n)){{l\, (3-24) 

Tr(|n))((m|) = 5„,^. (3.25) 

Now we can construct a mapping between string fields and matrices as follows. Since 
every state can be expanded in terms of the number basis of sl,r, every string field can be 
written as a matrix: 

1^) = J2'^n,m\n,m) = ^^„,„|n))((m|. (3.26) 

n,m n,m 

Especially, the identity string field corresponds to the identity matrix 

\I) = e^y-\E)=^\n,n) = j:\n)){{n\. (3.27) 

n n 

Note that the 3-string vertex can also be written in terms of the number basis 

1^3)123 = E IO)((^li ® H){{n\2 \n)){{lU. (3.28) 

l,m,n 

We can see that this vertex represents the matrix multiplication. 

4 Wedge States and A^-string Vertices 

In this section, we first construct oscillator representations of wedge states, which were origi- 
nally defined as a class of surface states in [^]. Then we present a closed form of the Neumann 
coefficients in the A^-string vertex and discuss their relation to the wedge states. 

4.1 Oscillator Representation of Wedge States 

We define the n**^ wedge state |n)u, by P] 

\n)^ ^ {\0))l'\ (4.1) 



In this subsection, we will find an oscillator representation of the wedge state under the 
following ansatz f\ 

|n)^ = ATf exp (^-iatCT^at) |0). (4.2) 

The recursion relations for A/'„ and T„ follow from the relation \n + 1)^ = |n)^ * |0): 

T„« ^ ^^, (4.3, 

A4+1 = ^fn^fvsdet{l-XT^)-^. (4.4) 



^It was informed to us by B. Zwiebach that the osciUator representation of wedge states has been obtained 
independently by A. Sen. 



In the above we have assumed that T„ commutes with X, Y and Z which will appear to hold 
consistently when the explicit form of T„ is obtained. In order for the wedge state to converge 
in the limit n -^ oo, we should set the normalization A/V3 of the 3-string vertex to be 



7VV3 = det(l-Xr)5. 



By rewriting the recursion relations using (^]T^) 



-n+l 



1-T2 

A4+1 



1 



T 



det 



T \Tn-T 1 - T2 



and putting the initial value T2 = 0, Af2 = 1, we find 

T+(-T)"-i 



T 



Afn 



1 - (-T)" ' 
1-T2 



det 



1 - (-T)" 



(4.5) 

(4.6) 
(4.7) 

(4.8) 
(4.9) 



Note that the normalization of the identity A/i and the 3-string vertex A/Vs satisfy the relation 
found in [§: 

AfiAfv, = det{l - X)K (4.10) 

Note also that AV3 is equal to A/a. The final expression of the wedge state is 



\n)r 



det 



1-T2 



1 - (-T)' 



exp I-^C ^.'^^^IV A |0). 



1 



-ry 



(4.11) 



In this normalization, the sliver state which can be defined as a limit of the wedge states 
becomes 



IS) = lim \n)^ = det(l - T^)f exp ( — a^CTa^) lO). 

n^oo \ 2 / 



Here we assumed 



lim T" = 0. 



(4.12) 



(4.13) 



Although we do not have a proof of this equation, it was discussed in ||^ that the absolute 
values of the eigenvalues of T are less than one. The existence of the smooth limit to the 
sliver state [^ also supports the existence of this limit, since the above discussion gives an 
analytical explanation for the equivalence between two definitions of the sliver, namely the 
original definition in ^ and the oscillator representation |^. 

Up to a normalization, the wedge state over the sliver state is given by 



\n). 



exp 



(-istC(-T)'-ist) |S) 



(4.14) 



4.2 Neumann Coefficients of A^-string Vertex 

In this subsection, we will present a closed formula of the Neumann coefficients V^** in the 
X-string vertex 



N 



^ r,s=l 



■N- 



(4.15) 



See 20 for the earlier discussion on the relation between the comma vertex and the Neumann 



coefficient. 

We can easily generalize the comma representation of the 3-string vertex (|2.19|) to the 
X-string vertex: 

\yN) = exp (- f: slCLsU,) |H)i...^ = exp ( -i f] 4i>-4 j \E),...^, (4.16) 



where V^** is given by 



/ L 
R L 



cv, 



N 



R 



R\ 







■■■ 
\ L 



R L 
■•■ R J 



in other words, 



CVL' 



This expression of X-string vertex satisfies the required gluing relations [§ 

n{I\Vn)i---N = \VN-l)h--N-l, 

{R{K, L)\\Vm+i)i-M,k\Vn+i) L,M+1,-,M+N = |^M+Af)l---M+Ar- 

By going back to the original variables, we find that V^'^ is given by 

CVn = (T + CVn){1 + CVnT)-\ 
where (T + CV/v)'"'* = T6^^ + CV^^. For example, 4-string coefficient V^'^ becomes 



T 



X 



cvr = 


L + T'^R 

1 + T2 

R + T^L 

1 + T2 


± yv 


1 + T2 1+X 

1 / Y - Z' 

1 1 


2 V^ ' 1 + X. 

1/ Z-Y^ 

1 1 


2\ 1 + X. 



This expression agrees with the result in [0. 



(4.17) 



(4.18) 



(4.19) 
(4.20) 



(4.21) 



(4.22) 
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For general A^, we can find the Neumann coefficients as follows. Since V^'' depends only 
on s — r mod A^, we can regard it as a vector. For the object Ag with a mod A^ index, we 
define the discrete Fourier transformation 



N 



As = ^,Y.^^k 



N 



k=l 



where uj = exp{27ii/N). Then the convolution of two objects Ar and Bg becomes 



N 



N 



Y,ArBg.r=^T.^''^kBk. 

r=l ^^ fc=l 



Using the Fourier representation of the matrices in the right-hand-side of ( ^.21|) 



(T + CVn 
[I + CVnT)-' 



N 



N 

E 

k=l 

N 



UJ 



k{s—r) 



AT 2^ 



N 



UJ 



k{s—r) 



(T + uj-'')L + (T + uj'')R 
1 . 1 



k=l 



L + 



1 + Tuj^'' 1 + Tuj'' 



-R 



the Neumann coefficients for the general N are found to be 



N 



cv;^' 



iV^" 



k{s—r) 



k=l 



-k 



T + UJ-" 
l + Tuj- 



L 



T + uj^ 
l + Tu^ 



R 



L H : : — :::nrr -R, 



1 



-T) 



N 



1 



-T) 



N 



where 



[s] = smodA^, [s] G {0,1,---,A^-1}. 



One can check that this form of V^* satisfies the descent relation 

CVL' 






1-CKV ' 



'TV 



which comes from ([4.19|) . One can also check that 



cv;; = cv^^! + cv^i^^'' = cv;^ + cv;;'}^^'' + cv;^':'+^'' 



fc-i 



'3Af 



E c^-r '^. 



1=0 



(4.23) 



(4.24) 



(4.25) 
(4.26) 



(4.27) 



(4.28) 



(4.29) 



(4.30) 



This is a generalization of the well-known relation between 3- and 6-string vertices |T7 . 

Here we comment on the relation between the A^-string vertices and the wedge states. 
The integral representation of Neumann coefficient is given by 



(V, 



rs\ 

]\l jnm 



dz r dw 



y/nm J 2Tri J 2Tii 



eir) 



is). 



z-^'w-"' 



dj)^>{z)d^f^>{w) 



cM 



[r^'iz)-r^\w)] 



{s)i 



(4.31) 
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where 



fi^\z) = tan (I tan-^ , - ^^ = S^ (^tan (| tan^^ z)) . (4.32) 



S is an SL{2, R) transformation 



, , z cos 7j — sm -^ , , 

5 Oz = ^ ^, 4.33 

^ ^ ^sinf + cosf' ^ ^ 



which satisfies S''^ = 1. Since the matrix CTf^f in the wedge state |A^)^ has the same integral 
representation as V^^, they should be the same. This can be also understood from the defining 
equations |A^)^ = nO)j = i(0| ■ ■ ■iv_i(0||VAr). As expected, the diagonal component in 
( [4.27| ) agrees with 



CV^' =Tn= ^_\J^r. ■ (4-34) 

5 Summary and Discussions 

In this paper, we analyzed the structure of the string field algebra using the so-called comma 
vertex. We obtained a closed formula of the A^-string Neumann coefficient and showed that 
the diagonal element of this coefficient agrees with the width matrix of the wedge state. 

It will be interesting to extend the idea of the comma vertex to the general CFT back- 
ground. In fact, the 3-string vertex over the sliver state was constructed in an arbitrary CFT 
r^ . Up to now, its relation to the comma vertex is unclear. It is also important to study 



the comma representation in the ghost sector. In ||^, it was argued that the 3-string vertex 
in the ghost sector can also be written in a comma form except for the subtlety associated 
with the ghost zero-modes. 
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